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a b s t r a c t
Let (E,⊥,⊕, 0, 1) be a lattice effect algebra and τi its interval topology. In this work we
show that if the operation ⊕ is continuous with respect to τi, then τi is Hausdorff. In
addition, we also show that if (E,⊥,⊕, 0, 1) is a complete MV -effect algebra and τi is a
Hausdorff topology, then the operations⊕,	, ∨ and ∧ are τi continuous.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
In 1994, Foulis and Bennett introduced the following algebraic system: (E,⊥,⊕, 0, 1) to model unsharp quantum logics
and called it the effect algebra [1]:
Let E be a set with two special elements 0, 1 and⊥ be a subset of E × E. If (a, b) ∈⊥, denote this by a ⊥ b. Let⊕:⊥→ E
be a partial binary operation, and the following axioms hold:
(i) If a, b ∈ E and a ⊥ b, then b ⊥ a and a⊕ b = b⊕ a.
(ii) If a, b, c ∈ E, a ⊥ b and (a⊕ b) ⊥ c , then b ⊥ c , a ⊥ (b⊕ c) and (a⊕ b)⊕ c = a⊕ (b⊕ c).
(iii) For each a ∈ E, there exists a unique b ∈ E such that a ⊥ b and a⊕ b = 1 (we put b = a′).
(iv) If a ∈ E and 1 ⊥ a, then a = 0.
We often denote the effect algebra (E,⊥,⊕, 0, 1) briefly by E. We can show that the effect algebra structure can induce
a partial order and a new binary operation, that is, we say that a ≤ b if there exists c ∈ E such that a ⊥ c and a ⊕ c = b.
We may prove that≤ is a partial order on E and satisfies that 0 ≤ a ≤ 1, a ≤ b⇔ b′ ≤ a′ and a ≤ b′ ⇔ a ⊥ b for a, b ∈ E.
If a ≤ b and e ∈ E are such that a ⊥ e, a⊕ e = b, we denote e as b	 a and	 is called the difference operation. Thus, each
effect algebra is a partially ordered set and has two partial operations⊕ and	. If E with the defined partial order is a lattice
(complete lattice), then E is called a lattice (complete) effect algebra.
Let E be an effect algebra and let us have a, b ∈ E with a ≤ b. We use the notation [a, b] for the interval [a, b] = {p ∈
E|a ≤ p ≤ b}. We define an atom in E to be a nonzero element a ∈ E such that [0, a] = {0, a}, and we say that E is atomic
iff, for every nonzero element p ∈ E, there is an atom a ∈ E with a ≤ p [1].
Elements a, b of a lattice effect algebra E are called compatible (written a↔ b) iff a∨ b = a⊕ (b	 (a∧ b)). If for every
a, b ∈ E we have a↔ b, then E is anMV -effect algebra [2].
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Lemma 1.1. Let (E,⊥,⊕, 0, 1) be a lattice effect algebra and x, y, z ∈ E.
(i) [3] If x, y ≤ z, then z 	 (x ∨ y) = (z 	 x) ∧ (z 	 y) and z 	 (x ∧ y) = (z 	 x) ∨ (z 	 y).
(ii) [3] If x⊕ y exists, then x⊕ y = (x ∨ y)⊕ (x ∧ y).
(iii) [4] If Y ⊆ E with∨ Y existing in E and x ∈ E such that x↔ y for all y ∈ Y , then x∧∨ Y =∨{x∧y|y ∈ Y } and x↔∨ Y .
Lemma 1.2 ([5]). Let (E,⊥,⊕, 0, 1) be a lattice effect algebra. The following conditions are equivalent:
(i) E is an MV-effect algebra.
(ii) x↔ y for all x, y ∈ E.
(iii) If x ∧ y = 0, then x ≤ y′.
An important field in studying effect algebras is introducing a topology such that the operations⊕ and	 are continuous
with respect to this topology. For the separate continuity (i.e., one variable) of operations in effect algebras, see for instance,
Riecanova [6], Qu Wenbo [7], Ma Zhihao [8] and so on. In particular, Qu [7] proved the separate continuity of operations⊕
and 	 with respect to the interval topology τi of lattice effect algebras. In this work, first, we show that the continuity of
⊕ does not hold with respect to τi in lattice effect algebras even in complete Boolean algebras. Second, we show that if the
operation⊕ is continuous with respect to τi, then τi is a Hausdorff topology. In addition, we also show that if (E,⊥,⊕, 0, 1)
is a completeMV -effect algebra and τi is Hausdorff, then the operations⊕,	, ∨ and ∧ are τi continuous.
2. Interval topology and order topology
Assume that (Λ,≺) is a directed set and E is an effect algebra. A net of elements of E is denoted by (aα)α∈Λ. If aα ≤ aβ
for all α, β ∈ Λ such that α ≺ β , then we write aα ↑. If moreover a =∨{aα|α ∈ Λ}, we write aα ↑ a. The meaning of aα ↓
and aα ↓ a is dual. The net (aα)α∈Λ is said to be order convergent ((o)-convergent, for short) to a point a ∈ E if there are
nets (uα)α∈Λ and (vα)α∈Λ of E such that a ↑ uα ≤ aα ≤ vα ↓ a, and we write aα (o)−→ a.
The strongest topology on E such that (o)-convergence of nets of elements of E implies topological convergence is called
the order topology ((o)-topology) on E and it is denoted by τo. A lattice effect algebra E is (o)-continuous if for xα, x, y ∈ E,
then xα ↑ x⇒ xα ∧ y ↑ x ∧ y [9].
Lemma 2.1 ([9]). In every complete (o)-continuous effect algebra E, for xα, x, y ∈ E:
(i) xα
(τo)−−→ x⇒ xα ∨ y (τo)−−→ x ∨ y.
(ii) xα
(τo)−−→ x⇒ xα ∧ y (τo)−−→ x ∧ y.
(iii) xα
(τo)−−→ x⇒ x′α (τo)−−→ x′.
By the interval topology of an effect algebra (E,⊥,⊕, 0, 1), wemean a topologywith closed intervals [a, b] as a sub-basis
of closed sets of E. We usually denote the interval topology by τi [7]. Obviously the interval topology on E is the coarsest
topology in which every interval [a, b] is a closed set.
Lemma 2.2. If (aα)α∈Λ is a net in E, then aα
(τi)−→ a iff for each subnet (aγ )γ∈Υ of (aα)α∈Λ and each r ∈ E: aγ ≥ r for each
γ ∈ Υ implies a ≥ r and aγ ≤ r for each γ ∈ Υ implies a ≤ r.
Proof. The necessity is obvious. We only prove the sufficiency. Suppose (aα)α∈Λ is not convergent to a in the interval
topology. By the definition of the interval topology, there exists [r1, r2] ⊆ E such that a ∈ E \ [r1, r2] and for each α ∈ Λ,
there is α′ ∈ Λ such that α′  α and aα′ 6∈ E \ [r1, r2], that is, aα′ ∈ [r1, r2]. Thus, for each β ∈ Λ, there exist αβ ∈ Λ
such that αβ  β and aαβ ∈ [r1, r2]. Let β go through Λ; we get a subset {aαβ : β ∈ Λ} of (aα)α∈Λ. Note that αβ  β , so{αβ : β ∈ Λ} is a cofinal subset ofΛ. For any two elements αβ1 and αβ2 of {αβ : β ∈ Λ}, there is β3 ∈ Λ such that β3  αβ1
and β3  αβ2 . For β3, there exists αβ3 satisfying aαβ3 ∈ [r1, r2] and αβ3  β3. Hence αβ3 ∈ {αβ : β ∈ Λ}, αβ3  αβ1
and αβ3  αβ2 . Thus {aαβ : β ∈ Λ} is a subnet of (aα)α∈Λ, and aαβ ∈ [r1, r2] for each β ∈ Λ. Note that a 6∈ [r1, r2]. This
contradicts the hypothesis. So aα
(τi)−→ a. 
From Lemma 2.2 it follows easily that aα
(τi)−→ a iff a′α
(τi)−→ a′ for any net (aα)α∈Λ.
Lemma 2.3 ([7]). Let E be a lattice effect algebra and let (aα)α∈Λ be a net of elements of E. Then:
(i) If b′ ≥ aα for all α ∈ Λ and (aα)α converges to a with respect to τi, then (aα ⊕ b)α converges to a⊕ b with respect to τi.
(ii) If b ≤ aα for all α ∈ Λ and (aα)α converges to a with respect to τi, then (aα 	 b)α converges to a	 b with respect to τi.
(iii) If b ≥ aα for all α ∈ Λ and (aα)α converges to a with respect to τi, then (b	 aα)α converges to b	 a with respect to τi.
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3. Continuity of effect algebraic operations in τi
First, let us consider the following example from [7].
Example 3.1. Let E = {0, 1, 12 , . . . , 1n , . . .}. Define 0⊕ 1n = 1n , 1n ⊕ 1n = 1, 0⊕ 1 = 1,∀ 1n . If m 6= n, 1m ⊕ 1n is not defined.
Then (E,⊥,⊕, 0, 1) is a complete effect algebra.
For any closed interval [a, b] of E, [a, b] = E or {0} or {1} or {0, 1n } or { 1n , 1} or { 1n } where n ≥ 2. Clearly, any set F $ E
is closed under the interval topology τi iff F is finite or E. Thus ( 1n ) ⊆ E is a net and for any x ∈ E, 1n
(τi)−→ x. In particular,
1
n
(τi)−→ 0 and 1n
(τi)−→ 12 , while 1n ⊕ 1n = 1 and 0 ⊕ 12 = 12 and from Lemma 2.2, as 1 ≥ 1 and 12 6≥ 1, 1 9 12 with respect to
τi, that is, 1n ⊕ 1n = 1 9 0⊕ 12 with respect to τi. Also, 1n ∧ 12 = 0 when n ≥ 3 and 12 ∧ 12 = 12 . As 0 ≤ 0 and 12 6≤ 0, from
Lemma 2.2 we have 0 9 12 with respect to τi, that is,
1
n ∧ 12 = 0 9 12 ∧ 12 with respect to τi. This showed that the operations⊕ and ∧ are not continuous for two variables with respect to τi.
Note that in Example 3.1 the interval topology τi of E is not Hausdorff.
Lemma 3.2 ([10]). Let (X, T ) be a topological space. (X, T ) is Hausdorff if and only if every convergent net in X has exactly one
limit.
We will say that the effect algebraic operation ⊕ is τi-continuous (or continuous in τi) iff for all aα, bα ∈ E, aα ≤ b′α ,
α ∈ Λ and aα (τi)−→ a, bα (τi)−→ b it holds that aα ⊕ bα (τi)−→ a⊕ b.
Theorem 3.3. Let (E,⊥,⊕, 0, 1) be a lattice effect algebra. If ⊕ :⊥→ E is continuous with respect to its interval topology τi,
then τi is Hausdorff.
Proof. Let (aα)α∈Λ be a net in E and aα
(τi)−→ a, aα (τi)−→ b. For any r1, r2 ∈ E and subnet (aγ )γ∈Υ of (aα)α∈Λ satisfying
r1 ≤ aγ ≤ r2 for all γ ∈ Υ , we have r1 ≤ a ≤ r2 and r1 ≤ b ≤ r2 and r1 ≤ a ∧ b ≤ a ∨ b ≤ r2. Thus it follows from
Lemma 2.2 that aα
(τi)−→ a∨b and aα (τi)−→ a∧b. On the other hand, by Lemma 2.3 we have also a′α
(τi)−→ (a∨b)′ and a′α
(τi)−→ a′.
It follows from the condition of⊕ :⊥→ E being continuous that aα ⊕ a′α
(τi)−→ a ⊕ (a ∨ b)′ and aα ⊕ a′α
(τi)−→ (a ∧ b) ⊕ a′.
That is, 1
(τi)−→ a ⊕ (a ∨ b)′ and 1 (τi)−→ (a ∧ b) ⊕ a′. Note that {1} is a closed set under τi; we have a ⊕ (a ∨ b)′ = 1 and
(a ∧ b)⊕ a′ = 1. Then a = a ∨ b and a ∧ b = a. So b ≤ a and a ≤ b. Thus a = b and τi is Hausdorff from Lemma 3.2. 
It is well known that the interval topology in a Boolean algebra B is Hausdorff iff B is atomic [11]. The following results
deal with the operation continuity of effect algebra with respect to its interval topology.
Theorem 3.4. Let (E,⊥,⊕, 0, 1) be a complete MV-effect algebra. If (aα)α∈Λ is a net in E and aα (τi)−→ a, then aα ∨ b (τi)−→ a∨ b
and aα ∧ b (τi)−→ a ∧ b for any b ∈ E.
Proof. Let r ∈ E and (aγ )γ∈Υ be a subnet of (aα)α∈Λ. If aγ ∨ b ≥ r for all γ ∈ Υ , then∧γ (aγ ∨ b) ≥ r . It follows from E is
anMV -effect algebra and Lemma 1.1 that b∨ (∧γ aγ ) =∧γ (b∨ aγ ) ≥ r . So b∨ a ≥ b∨ (∧γ aγ ) ≥ r . If aγ ∨ b ≤ r for all
γ ∈ Υ , then aγ ≤ r and b ≤ r for all γ ∈ Υ . Thus a ≤ r and b ≤ r and a ∨ b ≤ r . So we have aα ∨ b (τi)−→ a ∨ b. By the De
Morgan laws we have aα ∧ b (τi)−→ a ∧ b. 
In order to prove the continuity of effect algebraic operations, we first need the following:
Lemma 3.5. Let (E,⊥,⊕, 0, 1) be a lattice effect algebra. Then its interval topology τi is Hausdorff iff for any nets (aα)α∈Λ and
(bα)α∈Λ in E with aα
(τi)−→ a and bα (τi)−→ b, the condition aα ≤ bα for any α ∈ Λ implies a ≤ b.
Proof. Sufficiency. Let (aα)α∈Λ be a net in E. If aα
(τi)−→ a and aα (τi)−→ b, then from the hypothesis we have a ≤ b and b ≤ a,
that is, a = b. Hence τi is Hausdorff.
Necessity. Let (aα)α∈Λ and (bα)α∈Λ be nets in E with aα
(τi)−→ a, bα (τi)−→ b, aα ≤ bα for any α ∈ Λ. Let r ∈ E. If the subnet
(aγ ∧ bγ )γ∈Υ of (aα ∧ bα)α∈Λ satisfies that aγ ∧ bγ ≥ r for each γ ∈ Υ , then aγ ≥ r and bγ ≥ r . So a ≥ r and b ≥ r and
a ∧ b ≥ r . If aγ ∧ bγ ≤ r for each γ ∈ Υ , then aγ = aγ ∧ bγ ≤ r . So a ≤ r and a ∧ b ≤ r . It follows from Lemma 2.2 that
aα ∧ bα (τi)−→ a ∧ b. Since aα = aα ∧ bα , aα (τi)−→ a, and τi is Hausdorff, we have a = a ∧ b, so a ≤ b.
Theorem 3.6. Let (E,⊥,⊕, 0, 1) be a complete MV-effect algebra. Then τi is Hausdorff iff ⊕ and	 are continuous with respect
to τi, that is, if aα
(τi)−→ a and bα (τi)−→ b, then:
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(i) If aα ≤ b′α for all α, then aα ⊕ bα
(τi)−→ a⊕ b.
(ii) If aα ≤ bα for all α, then bα 	 aα (τi)−→ b	 a.
Proof. The sufficiency follows from Theorem 3.3 immediately. Now, we prove the necessity.
Note first that a⊕ b is defined by Lemma 3.5. Let r ∈ E and (aγ ⊕ bγ )γ∈Υ be a subnet of (aα ⊕ bα)α∈Λ. Thus, (aγ )γ∈Υ and
(bγ )γ∈Υ are subnets of (aα)α∈Λ and (bα)α∈Λ, respectively. If aγ ⊕bγ ≥ r for all γ ∈ Υ , then aγ ≥ (r∨bγ )	bγ = r	(r∧bγ )
since E is anMV -effect algebra. By Theorem 3.4 and Lemma 2.3, r	 (r ∧ bγ ) (τi)−→ r	 (r ∧ b). It follows from Lemma 3.5 that
a ≥ r 	 (r ∧ b) and so a⊕ (r ∧ b) ≥ r . Thus a⊕ b ≥ r . If aγ ⊕ bγ ≤ r for all γ ∈ Υ , then aγ ≤ r 	 bγ . From Lemmas 2.3
and 3.5 we obtain a ≤ r 	 b and so a⊕ b ≤ r . Thus, by Lemma 2.2, aα ⊕ bα (τi)−→ a⊕ b. (i) is proved.
Following from (i) and bα 	 aα = 1	 (b′α ⊕ aα)
(τi)−→ 1	 (b′ ⊕ a) = b	 a, we get bα 	 aα (τi)−→ b	 a. 
Note that in every complete atomicMV -effect algebra E, τi is Hausdorff and τo = τi [9]; thus we have:
Corollary 3.7. Let E be a complete atomic MV-effect algebra, aα
(τo)−−→ a and bα (τo)−−→ b. Then:
(i) If aα ≤ b′α for all α, then aα ⊕ bα (τo)−−→ a⊕ b.
(ii) If aα ≤ bα for all α, then bα 	 aα (τo)−−→ b	 a.
Corollary 3.8. Let E be a complete atomic MV-effect algebra, aα
(τi)−→ a and bα (τi)−→ b. Then:
(i) If aα ≤ b′α for all α, then aα ⊕ bα
(τi)−→ a⊕ b.
(ii) If aα ≤ bα for all α, then bα 	 aα (τi)−→ b	 a.
Finally, we prove the continuity of ∧ and ∨.
Theorem 3.9. Let (E,⊥,⊕, 0, 1) be a complete MV-effect algebra and its interval topology τi be Hausdorff. If aα (τi)−→ a and
bα
(τi)−→ b, then aα ∨ bα (τi)−→ a ∨ b and aα ∧ bα (τi)−→ a ∧ b.
Proof. First let us show that if aα ∧ bα = 0 for any α, then a ∧ b = 0. In fact, if aα ∧ bα = 0, it follows from Lemma 1.2
that aα ≤ b′α and aα ∨ bα = aα ⊕ bα
(τi)−→ a ⊕ b. Since (aα ∧ b) ∧ (bα ∧ a) = 0 implies aα ∧ b ≤ (bα ∧ a)′ and
aα ∧ b (τi)−→ a ∧ b and (bα ∧ a)′ (τi)−→ (b ∧ a)′, thus, by Lemma 3.5 we have a ∧ b ≤ (a ∧ b)′ and (a ∧ b) ⊕ (a ∧ b) is
defined. Hence (aα ∧ b) ∨ (bα ∧ a) = (aα ∧ b) ⊕ (bα ∧ a) (τi)−→ (a ∧ b) ⊕ (a ∧ b). As (aα ∧ b) ∨ (bα ∧ a) ≤ aα ∨ a and
(aα ∧ b) ∨ (bα ∧ a) ≤ bα ∨ b, we obtain (a ∧ b)⊕ (a ∧ b) ≤ a, (a ∧ b)⊕ (a ∧ b) ≤ b, so (a ∧ b)⊕ (a ∧ b) ≤ a ∧ b. Thus
a ∧ b = 0.
Let r ∈ E and (aγ ∨ bγ )γ∈Υ be a subnet of (aα ∨ bα)α∈Λ. Thus, (aγ )γ∈Υ and (bγ )γ∈Υ are subnets of (aα)α∈Λ and (bα)α∈Λ,
respectively. If aγ ∨ bγ ≥ r for all γ ∈ Υ , then r ∧ (aγ ∨ bγ ) = r and r 	 (r ∧ (aγ ∨ bγ )) = 0. Therefore, by Lemma 1.1,
r	 (r ∧ (aγ ∨bγ )) = (r	 (r ∧ aγ ))∧ (r	 (r ∧bγ )) = 0. Since r	 (r ∧ aγ ) (τi)−→ r	 (r ∧ a) and r	 (r ∧bα) (τi)−→ r	 (r ∧b),
(r 	 (r ∧ a)) ∧ (r 	 (r ∧ b)) = 0. So r 	 (r ∧ (a ∨ b)) = 0 and a ∨ b ≥ r . If aγ ∨ bγ ≤ r for all γ ∈ Υ , then aγ ≤ r and
bγ ≤ r . Hence a ≤ r and b ≤ r and a ∨ b ≤ r . It follows from Lemma 2.2 again that aα ∨ bα (τi)−→ a ∨ b.
With the same method we have aα ∧ bα (τi)−→ a ∧ b. 
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